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All methods of reconstruction of the electron momentum density from Compton scattering
data are based on a series expansion of this density in terms of symmetry-adapted surface
spherical harmonics (polyhedral harmonics). Owing to the improvements of y-ray and X-ray
Compton spectrometers during the last few years, measurements of Compton spectra of single
crystals in a shorter time and with higher angular resolution have become feasible. Therefore, in
addition to the current studies, an increased number of investigations of a greater variety of
crystals with large sets of directional data will soon be performed. This work is at first concerned
with the accurate and efficient computation of associated Legendre functions of the first kind,

7', with high / and m and for the whole range of their real argument, which are needed for the
description of data with high angular resolution. We further show that electron momentum den-
sities obey Laue-class symmetries in the case of crystals and point-group symmetries with an
inversion centre in general, in absence of external magnetic fields. All necessary information
about the polyhedral harmonics belonging to the totally symmetric representations of these point
groups is given, with particular emphasis on the group O, for which the hexoctahedral
harmonics with / = 20 are displayed graphically. In addition, the locations of the extrema on the
unit sphere are tabulated.

I. Introduction experiment is spherically symmetrical, and hence
one obtains a directionally independent Compton

profile,
J(p-)=[0(p)dp.dp,. 2)

It can be rewritten in spherical momentum co-
ordinates as

Compton scattering of X-ray and y-ray photons
has proved to be a very sensitive and useful tool for
the investigation of valence electron structure and
chemical bonding in matter (for more compre-
hensive presentations see, e.g. [1—4]). From the
Compton band in the spectra of such experiments,

Compton profiles o
) J@=2n] 6(p)pdp. 3)
J(p:)=[[é(p)dp.dp, (1) g

as projections of the three-dimensional electron
momentum distribution (momentum density) ¢ (p)
on the scattering vector k = k, — k; can be extracted.
The momentum coordinate p. in (1) is oriented in
the direction of k, while p, and p, are perpendic-
ular to it, and k;, k, are the wave vectors of the
incoming and outgoing photons, respectively.

If the sample is isotropic (gases, liquids, glasses,
powders etc.), the momentum density seen by the
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By differentiation of this equation one can calculate
the spherically symmetrical momentum density

1 dJ
() =——2) @)

2zp dp

a relationship which was already known to the
pioneers in the field [S] and which restricts the
spherically symmetrical J (¢) to have a single maxi-
mum at g =0 owing to the positive-definiteness of
o(p).

If, on the other hand, the specimen is a single
crystal, the orientation of the line of projection can
be varied with respect to the crystal coordinate
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system, and thus the three-dimensional Compton
profile function

J@g)={[[o(p)do(p-q—q* dp (5)

can be sampled along radial lines q=(q,0,.¢,)
with constant orientation 6,, ¢, and variable radial
distance ¢ in momentum space. With the choice
of ¢ in (5) instead of p. in (1) we have passed from
the k coordinate system to the crystal coordinate
system.

The Compton profile function J(g) suffices in
principle to describe the electron momentum prop-
erties in three dimensions. The directional depen-
dence of the kinetic energy 7, of the electrons, for
example, can easily be evaluated from J (g), and the
tensorial property of 7, [6—8] imposes not only
experimentally interesting general restrictions on
J (¢9) [8] in addition to some special cases [9].

Nevertheless, it is desirable for a more direct
interpretation and understanding to obtain the elec-
tron momentum distribution g (p) itself. In order to
achieve this, the integral equation (5) has to be
solved. The first solution to this problem is due to
Mijnarends [10—12] and has been applied to posi-
tron annihilation data of some metals [13—15] as
well as to Compton profiles of diamond and silicon
[16, 17]. An improvement of the method of Mijna-
rends has been suggested by Majumdar [18]. A
second approach based on the differentiation and
Fourier transformation of Compton profiles has
been introduced and tested by Mueller [19, 20] on
silicon data measured by Reed [21].

Our method [22, 2. 23-26] is closely related to
the latter approach, but avoids the drawback of
differentiation of experimental data and does not
restrict itself to the anisotropic part. It rather uses
the full Fourier transform of ¢(p), the reciprocal
form factor B (r), and thus allows at the same time
an analysis of the momentum space information in
its position space representation.

The aim of the present series of papers is to sum-
marise and to extend our work [2, 25, 26] on that
method. It will, at the same time, form the basis for
future three-dimensional studies which have be-
come feasible and desirable following experimental
improvements both with y-rays (*'Am [2, 25, 27-32].
1% Au [33. 34]) and X-rays [35].

The present Part I deals with the series expansion
of §(p) as the common basis of all the above men-
tioned reconstruction methods followed by a presen-

tation and discussion of the surface spherical har-
monics which are symmetry-adapted to the Laue
class Oy, (hexoctahedral harmonics).

The forthcoming Part I will compare the recon-
struction methods, specialise on the method via the
reciprocal form factor with its mathematical details
and analyse the propagation of experimental errors
and the question of the best choice of directions
0,. ¢, in the experiment.

Part III will be devoted to the three-dimensional
momentum density and the reciprocal form factor
of crystalline lithium fluoride.

II. The Single-Centre Expansion

The common basis of all methods used so far
for the solution of the integral equation (5) is the
expansion of the momentum density §(p) into a
series of suitable functions. Since ¢(p) is single-
centred with a dominant spherically symmetrical
part, the natural choice is the subdivision of momen-
tum space into radial shells in a spherical coor-
dinate system and the description of ¢ (p) on each
shell by a series of angular functions X (6,, ¢,)
with weights ¢, (p),

0(P)=200(p)- X1 (0,.0). (6)
L

Ideally the X; should form a complete orthogonal
basis set on the surface of the unit sphere, a condi-
tion which is fulfilled both by the complex

QI+ 1) (I —m)!

172
0.0 = | } - P (cos ) em®
(7)
and the real
21+ 1) (= m )12
sm 0‘ = - P 0
e e T m)!} e )
_{cos( m ) if mz=0 ®)
sin(m ¢) if m<O0

surface spherical harmonics (Kugelflaichenfunktio-
nen*) with /=0,1,2,... and —/=m = /. In quan-
tum chemistry the former are often called “spherical
harmonics™ (although this name covers the whole

* The nomenclature is so inconsistent and hence con-
ceptually misleading in literature that for our field we
propose a standardised bilingual terminology which devi-
ates as little as possible from traditional mathematical
usage.
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family of functions Y which are solutions to the
angular part of the Laplace equation in spherical
coordinates,

49, Y=0, 9)
or even the family of functions ¥ which are homo-
geneous in x, y, = and satisfy the complete Laplace
equation,

AV=0, (10)
cf. Hobson [36], p.119; “Kugelfunktionen”), the
latter “surface harmonics” as the second possibility
to abbreviate the complete name. Note that we
normalise, in agreement with Mijnarends [10—12],
all surface spherical harmonics to 47 in order to
facilitate the analysis of the magnitude of the ¢, (p)
in relation to ¢ (p) itself.

III. Computation of the
Associated Legendre Functions

The P* are the associated Legendre functions of
the first kind (zugeordnete Legendresche Kugel-
funktionen erster Art) defined via the Legendre
polynomials P;(x) by

.
PP (x) = (= )" (1 = 2 —— Pi(x) (11)

(_ 1)m+/ " I+m

BT

for real — 1 = x = 1, the phase factor chosen follow-

ing Hobson [36], Magnus et al. [37], Abramowitz
and Stegun [38], and Gradshteyn and Ryzhik [39] *.

(1-x3» a2

* “There is considerable variation in the notation em-
ployed by writers on the subject with reference to the asso-
ciated Legendre’s functions.” (Hobson [36].) This is still true
for the phase factor. Rose [40], Messiah [41], Spain and
Smith [42], Kara and Kurki-Suonio [43] as well as Korn
and Korn [44] omit the factor (—1)” in (11); only [40—43]
introduce it in (7) instead, while neither of [43, 44] com-
pensates it in (8). Sneddon [45] differs in his P/* by
another factor of /™ and additionally uses Ferrer’s function
T/ which is identical to the P/* of Rose etc. The con-
cordance equations

PP =(=D"Tr= (= 1)" (P/)o-44y= " (PT)pas) »
Yr=(=D"(Y") 4,
St =(= D" (543,44

hold. It would be very unfortunate if such a sign con-
fusion would persist in our field, since tables of the ¢, (p)
and By (r) will be a useful and concise means of reporting
experimental and theoretical three-dimensional data.
Because of the phase factor question also special care is
necessary when formulae for complex arguments z are to
be used for real arguments x.

For negative m, (11) implies an m-fold integra-
tion, while (12) treats negative m by a reduction
of the number of differentiations. Between positive
and negative m the relations

(Il=m!

PI™(x) = (= 1" e P () (13)
and hence

Yim ="yt (14)
exist.

The associated Legendre functions P} can be
represented as hypergeometric functions ,F; in 36
different ways [37], a very popular one of which is

1 (1+.\‘)”’/2
rd—m \1-x

~2F1(—l,l+1;1—m;Tx) (15)

PP (x) =

(cf. Ref. [38], (8.1.2) and (15.4.17)).
By use of (13) and the relation (see [37], p. 152)

2Fi(abe; ) =(1= 0 """ F (c—a,c—b;e;0)

16
1t can be rewritten as (16)
L\ (+m)! 1
Pm_ . | — A Y e e 1__2m/2
r'x) ( 2) (—m)! m! ( %

1—>
~2F1(m+l+1,m—l;l+m;—2—Y . (17)

Mijnarends [10—12] and Hansen [23] have employed
this equation for the computation of P}" (x), Mijna-
rends with omission of the factor (—1)™ because of
even m.

There further exist the recursion equations (see
[37], p. 171)

(l=m+1) P (x)

=QRI+ D) xPI(x)—(+m)P"(x) (18)
and

(1= )12 Pp+1(x)

=(l=m)xP["(x) — (I + m) [, (x) (19)

which, starting from P§= 1, P} = x, are numerically
reasonably stable for not too high / and m and have
been used by us earlier [25]; the undetermined 0/0
of (19) for Py'*!(x) at x= =% 1 can be overcome by
setting x =t (1 — ¢).
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Not only the recursion formulae (18) and (19)
tend to have numerical instabilities because of
differences between almost equal numbers. Such
differences occur in all algorithms known to us for
the computation of the PJ". Written as an explicit
hypergeometric series, the »F} in (17) becomes *

1=
3Fl(m+/+l.m—/:1+m; 2Y) (20)
l=m g . .
=145 (—l)kﬁ (m+l+.j)(/—.m—j+l) =z ]}
k=1 j=1 J(m+j) 2

l.e. a polynomial in (1 —x)/2 of degree / — m with
alternating signs. The differentiations of (12) can be
carried out in closed form and yield

(_1)I+m
2/

! (2k)!
. _1\k
k:zko( D kK'(l=k), 2k —1—m)!

P;n (\) = (1 _ A\.2)m/2

(03]

L N2k—=1-m

with ky=[(/4+m+ 1)/2], i.e. again a polynomial of
degree /— m with alternating signs, but this time in
x itself and with only even or odd powers.

The angular resolution of 3° FWHM in our
Compton experiments, in combination with sta-
tistical precision based on typically 4- 107 photons
per Compton profile enables us to analyse finer
details of the momentum density ¢ (p) and the reci-
procal form factor B (r) [25, 26]. Such an improved
experimental level naturally requires an increased
effort. which has been cited in [4] as “a patient
endeavour unlikely to be equalled”, but which, we
can say, is worthwhile and is certainly going to be
the future standard. The description of high angular
resolution data requires high / and m in the PJ" and
a large number of terms in (6). Hence it is important
to care about numerical reliability and efficiency in
the computation of the P}".

For small pole distances 6, i.e. x = cos  close to

+1, the argument (1 —x)/2 of (17) and (20) is-

small, and the finite series converges rapidly. Hence
numerically accurate results are obtained. With
increasing pole distance ¢, however, (1 — x)/2 gets
larger, and the series (which is, at the same time,
a Taylor expansion around ¢ = 0) becomes numer-

* Note that the first part of Eq. (8.812) of [39] is in error
by using (/ —m +j + 1): cf. [36], p. 95, Eq. (11).

ically very ill-behaved for higher 6. At 6 = r, the
series is even singular for complex arguments and
indices z, 4, u (cf. [38], (8.1.2)). It was this numer-
ical instability which led us to deal with P in more
detail. Since, at the same time, the polynomial in
(1 —x)/2 requires the computation of approxim-
ately twice as many terms (analytically the wrong
powers of x cancel), we can only advise against this
algorithm.

Our algorithm (21) with a polynomial in powers
x2k=l=m (cf. also [36]. p. 95, (9) and [39], second
part of (8.812), for alternative formulations) shows
none of these drawbacks. It requires the minimum
number of terms and is numerically stable over the
whole range | = x=—1,0 =6 = «; only 7 (!) deci-
mal digits are lost in the worst case of P}, at the
poles.

While there is no doubt that (21) is the most
suitable algorithm for the calculation of a single
P}"(x), in (6) a whole series of P} (x) with the same
argument x is required. In such a situation, recur-
sion formulae of the type of (18) and (19) are more
efficient, provided @ is not at or close to the poles,
where the algorithm of (21) has to be taken.

IV. Symmetry Adaptation

Although the real surface spherical harmonics S}
provide a complete orthogonal basis set for the
expansion in (6), it is desirable to introduce the
symmetry of ¢(p) in order also to ensure that the
expansion has the right symmetry. In experimentally
necessarily finite expansions, the introduction of
symmetry reduces the number of independent terms
L and hence the required number of sets of experi-
mental data for a certain angular resolution.

Such symmetry adaptations have a long history,
which we can only hope to sketch without even
claiming to be representative. Our aim is to clarify
the origin and the distinction between different
types of symmetry adaptation.

On the one hand, we have the point-group sym-
metry. It was first considered in connection with
solutions to the Laplace and the Helmholtz equa-
tion with polyhedral boundary conditions (Klein
[46], Goursat [47], Pockels [48], Poole [49], Hodgkin-
son [50], Laporte [S1]), in connection with the
problem of term splitting when passing from spher-
ical symmetry to another point symmetry (Bethe
[52]. see also the whole literature on ligand-field
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theory), and in connection with the rotational-vibra-
tional spectrum of the methane molecule (Ehlert
[53], Jahn [54, 55], Hecht [56], Moret-Bailly [57], Fox
and Ozier [58]). Systematic group-theoretical studies
for a larger number of point groups are due to
Laporte [51], Meyer [59], Melvin [60], Altmann [61,
62], Doring [63], Bradley and Cracknell [64], and
Kurki-Suonio et al. [65, 66, 43]. Owing to the long
period over which the literature is spread, the focus
of interest and the formalisms are very heteroge-
neous. The major differences are the inclusion of
powers of the radial distance as the third dimension
(solid spherical harmonics, “Kugelvolumenfunk-
tionen” V') or exclusion (surface spherical harmon-
ics, “Kugelflachenfunktionen” Y), cartesian coor-
dinates (x, y, z fiir V, direction cosines x/r, y/r,
z/r for Y) or polar coordinates, the group-theo-
retical method and normalisation factors. The
nomenclature for the resulting symmetry-adapted
surface spherical harmonics

XL=ZC/mLS7" (22)
L m

is also very variable. “Symmetry-adapted functions”
[60] is too general, and we therefore use the precise
and pictorial name “polyhedral (surface spherical)
harmonics” = “polyedrische ~ Kugelflachenfunktio-
nen” [49—51]. They are functions on the surface of
the unit sphere and possess the symmetry of a
polyhedron. The name of the polyhedron specific
for a point group should be chosen according to the
nomenclature for the 32 crystal classes in the “Inter-
national Tables for Crystallography” ([67], p. 786,
Tab. 10.6.1).

There is the space-group symmetry, on the other
hand, which imposes additional boundary condi-
tions by its translational operations. The adaptation
of functions to the symmetry of a space group has
been introduced in connection with the theoretical
calculation of the electronic structure of solids
(Wigner and Seitz [68], Bouckaert, Smoluchowski
and Wigner [69]) and has been further developed by
von der Lage and Bethe [70], Howard and Jones
[71], Bell [72] and Altmann and co-workers [73—75].
A position-space function f(r, k) which fulfils the
Bloch condition

fr+t,,. k)y=f(rk)  exp(ik-t,,) (23)

in a lattice of translation vectors t,., can be
expanded in analogy to Eq. (6), but around a multi-

tude of centres t,, ., in terms of

M= exp(ikt, ) - "X (0.9).  (24)
The symmetry-adapted, multicentred functions A,
are called “lattice harmonics™ (“Gitterkugelflachen-
funktionen™) following Bell [72], as clarified by
Altmann and Cracknell [74]. If the space group is
symmorphic, i.e. does not contain any screw axes or
glide planes with their non-lattice translations, then
the “**X, centred at the various t,,, are the poly-
hedral harmonics X of the point group [74]. This
fact has led to the confusion of using the name
“lattice harmonics” for the X, . In the case of asym-
morphic space groups, one has to follow a more
complicated procedure [75] based on a group-theo-
retical approach owing to Herring [76]. For a hexa-
gonal close-packed lattice (D¢, = P63;/mmc), e.g.,
the resulting X; are double-centred within the unit
cell [75], 1. e. they are not polyhedral harmonics.
Because of the peridocity of the electron posi-
tion density o(r) in a crystal,

o(rtt,.)=e(r), (25)

lattice harmonics with k=0 are the appropriate
basis for as series expansion. This is the principle of
the method owing to Atoji [77], which consists of a
single-centre expansion of the right-hand side of
(25) in a unit cell (or Wigner-Seitz cell) and of a
repetition of it with the translational lattice ¢ under
fulfilment of the boundary condition of continuity
at the cell surfaces. With more than one atom in the
unit cell or Wigner-Seitz cell the single-centre ex-
pansion converges very slowly, and the cell bound-
ary conditions are involved. Hence rapidly converg-
ing expansions around every atom have been intro-
duced (Weiss et al. [78, 79], Dawson et al. [80—82],
Kurki-Suonio et al. [83, 84, 65, 66, 43], Stewart
[85—-90] and Hirshfeld et al. [91-93]), now with the
problem of overcompleteness of the basis sets and
with similar solutions to it as in quantum chemistry
(truncated series, analytical radial functions).

Such a problem does not occur in momentum
space. The electron momentum density, 7(p), in
the repeated zone scheme of the reciprocal lattice,

A(p) =D, 0(p—thki) (26)

hkl
can be expressed by a well converging series of
lattice harmonics (cf. Part II), since the constituent
momentum density, ¢ (p), is single-centred.
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Table 1. The Laue classes and their polyhedral harmonics. The selection rules for the indices m of the SJ* are taken
from [43, 64, 66] and are based on z as the polar axis. The integer number k& is = 0, while the index / is non-negative

and even in all cases because of the inversion centre.

Laue class (point group) Polyhedron

Selection rule

C =1 pinacoidal
Gy, =2/m prismatic
Dy, =mmm dipyramidal
Cyp, =4/m tetragonal-dipyramidal
Dy, =4/mmm ditetragonal-dipyramidal
G =3 rhombohedral

_ 31im@m Ly) ditri : §
Dy {fml m L %) (ditrigonal-)scalenohedral
Cq, =6/m hexagonal-dipyramidal
Dy, =6/mmm dihexagonal-dipyramidal
T, =m3 disdodecahedral
0, =m3m hexoctahedral

m=1tk

m=12k for 2|z

m=k for 2y (crystallogr. setting)
m=(—1¥*-k for 2|x

m=2k

m==14k for 4 :

m=4k for 4fz,m Lz,m L x, mgjp,
m==x3k for 3 :

m=3k for 3: z,m Ly
m=(-=1)f-3k for 3 z,m L x

m=1= 6k for 6 :z

m=6k for 6|z

special linear combinations of S} with either
m=4k or m=4k+ 2 (see Ref. [64, 74], one-dimensional
representation, symmetry A4,, for /=12)

special linear combinations of S7* with
m =4k (see Ref. [98] for /= 30, Ref. [97] for /= 100)

Because of the lack of translational symmetry in
0(p), the functions X; in (6) have to be adapted to a
pure point-group symmetry and are therefore poly-
hedral harmonics. (The use of the notion “lattice har-
monics” for them is wrong, as explained above.)
The momentum density ¢(p) possesses inversion
symmetry in systems which can be described by real
position-space wave functions (Lowdin [94]). Pic-
torially, electrons follow their trajectories in both
directions with equal probability as long as there is
no magnetic field; only in a magnetic field there is
one direction preferred according to Lenz’s rule
with a (very small) deviation of ¢ (p) from inversion
symmetry [2]. Therefore the point groups which
describe the symmetry of ¢ (p) must contain an in-
version centre, and for experiments on single crys-
tals the only possible point groups are the 11 Laue
classes.

For the Laue classes C;, Cy;. Dy, Cap. Dap,
C3; =S¢, D34, Cg; and Dgj,, the symmetry adapta-
tion of the real surface spherical harmonics S/
yields index selection rules which are summarised
by Bradley and Cracknell [64] and by Kurki-Suonio
et al. [65, 66, 43] and which we have compiled in
Table 1. Owing to the inversion centre, only even /
are allowed: all other selection rules concern the

index m (note its definition by (8)). In the notation
of (22), the selection rules mean that for every L the
sum consists of a single term with C;,,; = 1 with an
allowed pair of values for the indices /, m; all other
Cy vy for that L are zero. The index L of the poly-
hedral harmonics X, is then either represented by
the pair /, m, leading to the notation X', or by / and
the current number » of the allowed m with the
notation X ,, or just by the current number L of the
allowed pair /, m, i.e. X;. The last two notations
depend on the Laue class, and therefore the Schon-
flies or Hermann-Mauguin symbol should be attached
wherever necessary for clarity. In the Laue class
Cay = 2/m, e.g., the equality X3 = X3/%= X3 would
hold for the fourth prismatic harmonic in all three
settings.

Before we concentrate on the Laue classes 7}, and
Oy, also non-crystallographic point groups should be
mentioned. They are collected with their selection
rules in Table 2. They are needed for the series
expansion of theoretical momentum densities of
molecules (the “partial wave analysis” of Thakkar,
Simas and Smith [95]), but also for the representa-
tion of experimental data of samples with macro-
scopically superimposed non-crystallographic (dis)-
order, such as the point group D, , for pyrolytic
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>
o

0 ° m)

Fig. 1a—m. Contour diagrams of the hexoctahedral har-
monics L=2to L=14 (/=4 to /=20) on the first azi-
muthal quadrant of the unit sphere. The radial coordinate
is the pole distance ¢ with the range 0 = 6 = 180° for L =2
to 12 and 0 =6 =127° for L= 13 and 14, the angular
coordinate the azimuthal angle ¢ with the range 0° =
» = 90°. Positive contours are full lines, negative contours
are lines with short dashes, and the nodes are lines with
long dashes. The contour distance is 0.25 for L = 2 to 6 and
0.5 for L=17 to 14. Note that, owing to the mapping, only
the symmetry around the polar [001]-direction is undis-
torted, and that the point of the [001]-direction forms
a limiting circle.

Table 2. Some non-crystallographic molecular point groups and their polyhedral harmonics with index selection rules
for the S. For the values of k and /see Table 1.

Point group Polyhedron Selection rule
Cs; =5 pentagonal-dipyramidal m==%5k for 5|z
Stm(m Ly) : i : m=>5k for S'z.m Ly
Bsd {5 nl(m L x) dipentaganal-<ipyrarmidal {m =(—1)%-5k for 5 z, mLx
Ci =j Jj-gonal-dipyramidal m==%jk for j|:z
v jlm@m Ly) .. . . m=jk for jlz, m L x\jodd
Dia {/ml (m L x) di-j-gonal-dipyramidal m=(—=1*-jk for jlz, mLlx
Gy =j/m Jj-gonal-dipyramidal m==jk for j :z .
even
D;, =j/mmm di-j-gonal-dipyramidal m=jk for j :z 4
D, ,=o0c/mmm (di)cylindrical m=0 for o |z
Y, =53m icosahedral special linear combinations of S7 with

m =Sk (see Ref. [51, 96, 43])

graphite, or other partially ordered systems such as
liquid crystals. For details of the icosahedral har-
monics the reader is referred to Laporte [51], Cohan
[96] and Kara and Kurki-Suonio [43].

Because of the additional rotational axes between
the pole and the equator on the unit sphere, the
point groups T,, O, and Y, require polyhedral
(disdodecahedral, hexoctahedral and icosahedral)
harmonics X; which are linear combinations of S}
with fixed / and variable m. The whole family of X
for the cubic crystal classes T, T}, O, T; and Oy is
called “cubic harmonics™ by Kurki-Suonio and co-
workers [65, 66, 43], consistent with our nomen-
clature, while Fox and Krohn [97] restrict it so far to
T, (also “tetrahedral harmonics™ [58]) and O,, and

Mueller and Priestley [98] even to O, alone. Von der
Lage and Bethe [70] use the term “kubic harmonics”
for the lattice harmonics A,; of the space group
O} =im3m for k=0 and k=(n/a)e.. Since the
point symmetry of these two k-points is O,, their
X are hexoctahedral harmonics. The notation for
the polyhedral harmonics has to be X, or X; with
the rules explained above.

The coefficients C,,; of the disdodecahedral
harmonics (7)) can be taken from Kara and Kurki-
Suonio ([43], Tab. 3 and 4) with their exact values
for /=10, from Altmann and Cracknell ([74],
Tab. I a, representation A4,) with 8 decimal digits for
/=12, and with three more decimal digits from
Bradley and Cracknell ([64], Table 2.6). The poly-
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Table 3. Approximate locations of the maxima (4) and minima (—) of the hexoctahedral
harmonics L=2to L=14 (/=4 to /= 20) on the first octant of the unit sphere. The first co-
ordinate is the pole distance ¢, the second the azimuthal angle ¢, both in degrees. Each line
contains the extrema which have the same distance to the [111]-direction and which are related

by the symmetry elements located in [111].

L= 2 + 0 :0 90 :0 90 ;90

[ = 4 — 54.7, 45

n=1

L= 3 - 0 :0 90 :0 90 :90

I =6 — 45 .0 45 ;90 90 ;45

n=1 + 54.7, 45

L= 4 + 0 :0 90 0 90 ;90

[ =8 — 27445 71.0: 20.1 71.0;69.8

n=1 + 45 :0 45 .90 90 :45
+ 54.7; 45

L= 3§ + 0 :0 90 :0 90 ;90

[ =10 - 25,0 25 ;90 65 0 65 ;90 90 ;25 90 ;65

n=1 + 33 .45 67.3;24.7 67.3; 65
- 54.7, 45

L= 6 + 0 :0 90 ;0 90 :90

I =2 —  18.6:45 77 ;134 77 :76.6

| +  30.7;0 30.7; 90 59.3:0 59.3:90 90 ;30.7 90 +59.3
+ 358:.45 65.6;27 65.6; 63
—  46.7;20.1 46.7,69.9 75.5: 45

=17 + 24.1;0 24.1; 90 65.9:0 65.9;90 90 :24.1 90 :65.9

I =12 — 25545 72.2;187 12.2:T1.3

n= 2 — 45 ;0 45 ;90 90 ;45
+ 48.3;23.7 46.9;65.7 72.5;45
- 54.7. 45

L= 8 + 0 :0 90 ;0 90 ;90

[ =14 - 16.3;0 16.3:90 73.7,0 73.7:,90 90 ;16.3 90 ;73.7

n= 1 + 23.7,45 735:17.2 73.5;72.8
- 39.0:45 63.6;29.8 63.6:60.2
- 45 .0 45 ;90 90 :45
+ 54.7, 45

L= 9 + 0 ;0 90 :0 90 :90

[ =16 — 13.9:45 80.2:9.9 80.2: 80.1

n= 1 + 23.2;0 23.2;90 66.8:0 66.8: 90 90 ;23.2 90 :66.8
+  26.9:45 71.3,19.7 71.3:70.3
—  35.3:19.5 35.3:70.5 57 #4133 57 7767 78.9:33.7 78.9:56.3
+ 45 .0 45 .90 90 .45
+ 484:274 48.4:62.6 69.9.45
— 54.7, 45

hedral harmonics Xg 1, X4, Xe1, X1, Xiors
Xy> 1, and X, , are shared with the point group 0,
in that range of /. We shall deal with the additional
disdodecahedral harmonics Xg,, Xj02, X123, etc.
when required by our experiments.

V. The Hexoctahedral Harmonics

These are the polyhedral harmonics of the point
group O,=m 3m which we have needed in the
analysis of our Compton experiments on single-

crystal lithium fluoride (Part III of the present series
of papers). First given by von der Lage and Bethe
[70] in cartesian form, they can be found as tables of
the C,,,; in Ref. [43] (Tab. 3 and 4, exact values for
[ =10), Ref.[74] (Tab.la, rep. 4;,. 8 decimal
digits for /=12), Ref. [64] (Tab.2.6, rep. 4,,,
11 decimal digits for / = 12) and in Ref. [98] (Tab. 1,
8 decimal digits for /= 30). A computer program
owing to Fox and Krohn is available from the
QCPE [97] which allows the computation of the
Cmr to 6 decimal digits for / = 100.
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Table 1. (continued)

L=10 + 1860 18.6; 90 71.4;0 71.4;90 90 :18.6 90 :71.4
/=16 — 195:45 76.3:14.1 76.3.75.9
n=2 — 3440 34.4.90 56.6;0 56.6; 90 90 ;344 90 :56.6
+ 35 ;30 35 ;60 60.2:19.3 60.2;70.7 73.35 31.2 73.3; 58.8
+ 45.7;129 45.7,77.1 80.8: 45
—  489:294 48.9; 60.6 68.3:45
+ 54.7, 45
L=1] + 0;0 90 ;0 90 :90
/=18 — 121:;0 12.1;90 77.9;0 77.9; 90 90 ;12.1 90 ;779
n=1 e 19.5; 45 76.3; 14.1 76.3:75.9
- 30.7;45 68.8:22.8 68.8:67.2
- 3440 34.4;90 55.6;0 55.6:90 90 ;344 90 ;55.6
+ 427.45 61.3;33.1 61.3:56.9
+ 457,125 45.7;,71.5 81.1;45
—  48.8:28.5 48.8;61.5 69 ;45
L=12 - 297;0 29.7; 90 60.3;0 60.3;90 90 :29.7 90 :60.3
I =18 +  31.6;24.5 31.6;65.6 61.5;14.3 61.5;75.7 77.5:29.2 77.5;60.8
n= 2 — 334;45 67.1;25 67.1;65
+ 45 ;0 45 ;90 90 .45
—  464;16.8 46.4;73.2 77.9; 45
+ 49.5:31.3 49.5;58.7 66.7; 45
= 54.7. 45
LE=13 + 0 ;0 90 :0 90 ;90
[ =20 -  11.1;45 82.2;7.9 82.2;82.1
n= 1 + 187:;0 18.7; 90 71.3;0 71.3:90 90 :18.7 90 :71.3
+  21.5;45 75 3156 75 ;74.4
- 284:;19 28.4;71 63.3; 10 63.3; 80 81.1;27.1 81.1;62.9
+  36.2;0 36.2;90 53.8;0 53.8:90 90 ;36.2 90 ;53.8
+ 432,45 61.6;33.6 61.6;56.4
- 457127 45.7577.3 80.9: 45
+ 54.7; 45
L=14 + 148:0 14.8; 90 75.2;0 75.2;90 90 :14.8 90 ;75.2
I =20 - 15 ;45 79.5;10.7 ) 79.5;79.3
n= 2 - 2590 25.9;90 64.1;0 64.1;90 90 ;25.9 90 ;64.1
+  26.2:45 ) 71.8:;19.2 71.8;70.8
+  365;12.5 36.5;77.5 54.5;9.1 54.5;80.9 82.6; 35.8 82.6;54.2
- 36.5;31.5 36.5;58.5 59.5;21.1 59.5;68.9 71.9; 32.3 71.9; 57.7
+ 43.7.45 60.7; 34.1 60.7;55.9
- 45 ;0 45 ;90 90 ;45
= 54.7, 45

The selection rule for / and n of the X, can be
determined from a table for the point group O by
Bethe [52] and Doring [63] and the fact that the
additional inversion centre iry the point group O,
eliminates all odd / If £ is a non-negative integer
number, then there are k + 1 different n for /= 12k,
k for I=12k+2, and k+1 for /I=12k+4, [=
12k+6, [=12k+8 and /=12k+ 10 each. The
resulting sequence of / with increasing L is 0, 4, 6, 8,
10, 12, 12, 14, 16, 16, 18, 18, 20, 20, 22, 22, 24, 24, 24,
26, 26, 28, 28, 28, 30, 30, 30, 32, 32, 32, 34, 34, 34, 36,
36, 36, 36, 38, 38, 38, 40, 40, 40, 40, etc.

Difficulties arose during our analysis of the ex-
perimental data because of the serious lack of
published information concerning the behaviour of

the hexoctahedral harmonics on the unit sphere.
Such information is important in order to judge
whether and to which degree a measurement in-
fluences the contribution of a certain X;, and to
predict the interpolation behaviour of a particular
X, regarding, for example, oscillations which are
not sufficiently limited by the experimental data.
Already when planning the experiments one should
take the angular dependence of the various X into
account, as will be shown in the forthcoming Part II

For these reasons we display the first 13 aspher-
ical hexoctahedral harmonics (/ = 20) as polar con-
tour diagrams (based on a 55x55 point mesh,
contour determination with a computer program
owing to P. Bischof) in Figure l a—m. In addition



110 E. Heuser-Hofmann and W. Weyrich - Reciprocal Form Factors and Momentum Densities of Electrons I

we have determined the location of the extrema in
the first octant and collected the angular coordinates
in Table 3, ordered by equivalence under the sym-
metry operations which are centred in the [111]-
point on the unit sphere. From Fig. 1 and Table 3 it
can be seen. for example, that X, =X, ; mainly
describes the difference between the (100) and
{111)-directions, and that X;= X, is then dom-
inated by the (110)-directions, while X;= Xg | is
determined by the (311) and Xs5=X), by the
(210)-directions. Because of the higher amplitudes
with increasing / we had to coarsen the contour
scale from L =7, and for L = 13 and 14 the #-scale
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